We extend the standard construction of conserved currents for matter fields in general relativity to general gauge theories. In the original construction the conserved current associated with a spacetime symmetry generated by a Killing field h µ is given by √ −g T µν h ν , where T µν is the energy-momentum tensor of the matter. We show that if in a Lagrangian field theory that has gauge symmetry in the general Noetherian sense some of the elementary fields are fixed and are invariant under a particular infinitesimal gauge transformation, then there is a current B µ that is analogous to √ −g T µν h ν and is conserved if the non-fixed fields satisfy their
Introduction
In general relativity, the most usual way to construct conserved currents associated with spacetime symmetries for matter fields is to contract the Einstein-Hilbert energymomentum tensor T µν with the Killing vector field h µ that generates the relevant symmetry. It is easy to verify that the current j µ = √ −g T µν h ν (where g denotes the determinant of the metric) obtained in this way is conserved (i.e. ∂ µ j µ = 0) as a consequence of the Killing equation ∇ µ h ν + ∇ ν h µ = 0 and of the divergencelessness of T µν (∇ µ T µν = 0). The latter property of T µν is ensured if the matter Lagrangian density transforms as a scalar density under diffeomorphisms and the matter fields satisfy their equations of motion (see e.g. Section E.1 of [1] ). The metric does not need to satisfy its field equations, i.e. it can be a fixed, external field. On the other hand, Noether's first theorem can also be used to construct a conserved current associated with h µ , if the matter fields admit a Lagrangian description. This current generally differs from √ −g T µν h ν and its construction is also apparently completely different. Nevertheless, it can be shown that if the matter fields satisfy their Euler-Lagrange (EL) equations, then the difference between the two currents is an identically conserved current, i.e. a current of the form ∂ µ Σ µν , where Σ µν is antisymmetric [2, 3] .
To some extent similarly, in electrodynamics the electric current is usually defined as the Euler-Lagrange derivative of the Lagrangian function with respect to the vector potential, i.e. as the source of the electromagnetic field, but it can also be obtained as the Noether current corresponding to global U(1) gauge transformations.
The primary aim of the present paper is to generalize the construction described above to any gauge theory that can be formulated in the framework applied in Noether's classic paper [4, 5] on symmetries and conservation laws in Lagrangian field theory. This is a very general framework that allows one to study various special kinds of gauge theories, for example diffeomorphism covariant theories and Yang-Mills (YM) type gauge theories, on the same footing.
Our main motivation, besides general interest in conservation laws in gauge theories, to look for a generalization of the above construction is that recent developments [6, 7, 8, 9] appear to indicate that such a generalization is possible and would be useful for better understanding these developments, for answering certain open questions and for possible further applications.
In [6] it was proposed that in the case when some matter propagates in fixed electrically charged black hole background, its energy and angular momentum can be obtained using the conserved currents
where A µ is the vector potential of the background electromagnetic field, J µ is the electric current, T µν is the Einstein-Hilbert energy-momentum tensor of the matter, and h µ is the Killing field generating time translations 1 or rotations. It is also assumed here that not only the background electromagnetic field, but also A µ is invariant under time translations or rotations. (1.1) was very useful in [6] because, together with a suitable energy condition on T µν , it allowed the authors to derive general results for charged black holes without more detailed information on the nature of the matter. To justify (1.1), it was shown in [6] that the conservation of (1.1) can be derived from the generalized Lorentz law
the Killing equation, the symmetry of T µν , the invariance of A µ , and the conservation of the electric current. In (1.2) F µν denotes the electromagnetic field. A justification of the validity of (1.2) was also given in [6] , although it is not analogous to the derivation of ∇ µ T µν = 0 mentioned in the first paragraph, and it uses the Maxwell equation ∇ µ F µν = 0 for the background electromagnetic field. Nevertheless, a derivation of (1.2) that is analogous to the derivation of ∇ µ T µν = 0 is possible, moreover it can be extended to the case of fixed gravitational + YM background [10] .
In [11] we also found the current (1.1) for the complex Klein-Gordon field by applying Noether's first theorem, and in [12] we found that in the case of the Dirac field as matter field the current (1.1) can be obtained by adding a certain identically conserved current to the Noether current, if the Dirac equation is satisfied. The only information on the background metric (or tetrad) and vector potential that was needed for these results was their invariance under time translation or rotation.
An identity and a current similar to (1.2) and (1.1) also appear in [7, 8] . In these works (1.2) takes a more general form, since some of the currents associated with the fixed covector fields are not conserved. Further comments concerning the formulas appearing in [7, 8] will be made at the end of Section 3.1. A construction of currents in a general setting that is partly similar to the one in the present paper was given in Section 2 of [9] . This will be discussed further at the end of Section 2.5.
We note that there is a well-known derivation of the generalized Lorentz law in the case when electromagnetic field and matter propagates, interacting with one another, in a fixed gravitational background (see Section 22.4 of [55] ). In this derivation one obtains the generalized Lorentz law from the Maxwell equations and from the divergencelessness of the matter + electromagnetic total energy-momentum tensor. The derivation can also be extended to nonabelian gauge theory in a straightforward way. Nevertheless, in this paper we are interested in the more general situation when the electromagnetic (or YM) field is also part of the background.
Regarding the results mentioned above, several questions can also be raised. Since in [10] fermionic matter fields were not considered, one would like to derive (1.2) also for the case when some matter fields are fermionic. (1.1) should also be extended to the case of gravitational + YM background. One can ask what form (1.1) will take if the vector potential is invariant under the diffeomorphisms generated by h µ only up to YM gauge transformation, since the latter is a more natural symmetry requirement on the vector potential. The difference between (1.1) and the Noether current that one obtains by Noether's first theorem should be investigated as well.
The generalization of the construction described in the first paragraph that we present is closely related to Noether's theorems and is relatively easy to find once one has thoroughly understood these theorems, therefore we review them briefly in a way that is suitable for the purpose of this paper. This review is intended to be quite general but mathematically elementary. For expositions of Noether's theorems in the literature and for related results see e.g. [13] - [41] , [2] , and references therein. Many references can be found in [5] as well.
As an application and illustration of the general construction we discuss first the example of matter fields coupled to external gravitational and YM gauge fields (allowing the electromagnetic field as a special case). The type of the matter fields and the precise form of their Lagrangian are left unspecified. For deriving the generalized Lorentz law and the related currents only the symmetry properties of the gravitational and YM gauge fields and of the matter Lagrangian are needed, but in other parts for simplicity we make some assumptions on the nature of the matter fields and on the form of the matter Lagrangian. We allow fermionic matter fields, therefore we use tetrad fields as elementary gravitational field variables. We discuss the cases of the Dirac field and the scalar field as matter field more explicitly, since these are interesting special cases. The aim of this example is also to answer the questions mentioned above. The second example, which is included on account of its simplicity, is the case of arbitrary fields propagating in the presence of external scalar and gravitational fields. The paper is organized as follows. Section 2 contains the review of Noether's theorems and the generalization of the construction described in the first paragraph. The latter can be found in Section 2.5, which is the central part of the paper. In Section 3 the details of the first example introduced above are given. In particular, the generalized Lorentz law and the currents (1.1) are discussed in Section 3.1. The second example is described in Section 4. A summary is given in Section 5. Appendix A contains definitions and comments related to the examples.
The signature of metric tensors is (+, −, −, −). The brackets ( ) and [ ] applied to indices are used to denote symmetrization and antisymmetrization, and these operations are understood to include division by the number of permutations. Coordinate based formalism is employed and the notions of fiber bundles and differential forms are mostly avoided in order to keep the exposition as elementary as possible. The terms gauge theory and gauge symmetry are used in the general sense described in Section 2.3, and it is stated explicitly when a special kind of gauge symmetry is meant. The coordinate independent YM gauge transformations are called global. 2 Noether's theorems and the construction of conserved currents in the presence of fixed fields
In order to describe the situation when some of the fields are fixed, i.e. do not necessarily satisfy their field equations, we divide the complete set of elementary fields into two sets. The fields in these sets are denoted as Φ i and χ j , where i and j are general indices labeling the fields and their components. Any of the two sets may be empty. Generally χ j will be the fixed fields, but Φ i , which may be called dynamical fields, are also not assumed to satisfy their field equations unless explicitly stated. The physical role of Φ i and χ j , i.e. whether they are matter or other type of fields, is not restricted. In particular, the presence of a metric tensor is not required. Commuting and anticommuting fields are both allowed. For simplicity the fields are assumed to be real (self-conjugate) in this section. This does not cause any loss of generality, since any complex field is equivalent to two real fields. For derivatives with respect to anticommuting variables the following sign convention is used: if θ is an anticommuting variable and E is an expression of the form E 1 θE 2 , then
. . ) is as-sumed to be an even local function of Φ i and χ j , but otherwise it is allowed to depend on arbitrarily high derivatives. Further assumptions on the Lagrangian are not made in this section and it is not specified what kind of physical system it describes. A local function of some fields φ i (x µ ) is defined in this paper to be a function of the form
, that depends on the fields and on finitely many derivatives of them and may depend explicitly on the coordinates x µ as well 2 . Although the action integral will not be used, it should be noted that the contribution to it from the domain U on which x µ are defined is U d D x L, where D denotes the dimension of the base manifold M on which the fields are defined. The integration measure used here is the measure determined by the coordinate chart. The behaviour of Φ i and χ j under coordinate changes is not necessary to specify for the purpose of this section.
It is known that higher derivative theories generally have various undesirable features, particularly instabilities and unphysical degrees of freedom, but they have better renormalizability properties than low derivative theories and the difficulties caused by the mentioned features may be surmountable (see e.g. [46, 47, 48, 49, 50, 51, 52, 53, 54] ). As far as symmetries are concerned, there is no major reason to restrict the order of the derivatives that may appear in the Lagrangian.
We distinguish three theorems of Noether, and within the third theorem we distinguish two parts. The first theorem, which is the most well-known, is not specific to gauge theories. In the literature the third theorem is often included in the second one, but it seems useful to separate them. In Noether's paper [4, 5] the statement of the second theorem does not include the third theorem, but the third theorem does not appear as a separate theorem either.
We do not follow rigorously the original formulation of Noether's theorems. In particular, we are interested only in the consequences of symmetries and do not consider reverse statements. For the latter we refer the reader to the literature, e.g. [13] .
The content of the three theorems can be summarized very briefly as follows. The first theorem states that if the Lagrangian has a symmetry, then there exists a current J µ (the Noether current) that is conserved (i.e. ∂ µ J µ = 0) if the fields satisfy their EL equations. The second theorem states that if the Lagrangian has a gauge symmetry, then the EL derivatives of the Lagrangian with respect to the fields satisfy a differential identity, thus the EL equations are not independent. The third theorem states that if the Lagrangian has a gauge symmetry, then the Noether currents associated with these symmetries coincide with certain identically conserved currents up to some terms that vanish if all fields satisfy their EL equations.
In Section (2.2) we present the first theorem in a form that is adapted to the situation when fixed fields are present. The distinction between Φ i and χ j is irrelevant in the second and third theorems, but we keep it for later use in the construction in Section 2.5. The definition of gauge symmetry in general sense can be found in Section 2.3. After Noether's three theorems we present the generalization of the construction described in the first paragraph of Section 1. This generalized construction can also be regarded as an extension of Noether's theorems. The construction described in Section 1 has three parts: the first one is the construction of the energy-momentum tensor and the derivation of its divergencelessness, the second one is the construction of the current from the energy-momentum tensor and from the Killing field and the derivation of its conservation, and the third one is the result that the current constructed in this way differs from the Noether current associated with the Killing field in an identically conserved current if the matter fields satisfy their EL equations. Each part is generalized in Section 2.5.
In general relativity the divergencelessness of the energy-momentum tensor can also be seen as a consequence of the Einstein equation if the metric is not fixed. Similarly, in electrodynamics the conservation of the electric current can be seen as a consequence of the Maxwell equation. These observations are also generalized in Section 2.5.
In the next subsection an auxiliary formula is described, which is of central importance in the subsequent derivations.
The partial integration formula
Let G be a quantity that can be written as
where ǫ α is a function with several components indexed by α, the functions G 
2)
and
The (n + 1)-th term of the sum on the right hand side of (2.3) is (−1)
The n-th group of terms on the right hand side of (2.4) is
Since the sum on the right hand side of (2.1) is finite, the sums in (2.3) and (2.4) are also finite. Moreover, if
.. do not depend on ǫ α (and on its derivatives), then if all terms beyond the first n terms are zero on the right hand side of (2.1), then G ν does not depend on higher than (n − 2)-th derivatives of ǫ α . We call (2.2) the partial integration formula, since it can be regarded as a generalization of the differentiation rule (uv) ′ = u ′ v + uv ′ on which partial integration is based. It is clear that adding an arbitrary conserved current to G ν preserves (2.2), but we always use the definition (2.4).
The first theorem
A one-parameter transformation of the fields can be written after linearization in the parameter, denoted by s, as
s is assumed to be real number valued and δΦ i and δχ j are assumed to have the same commutation character as Φ i and χ j , respectively. Generally both δΦ i and δχ j may depend on Φ i and χ j and on their derivatives. Such a transformation may be induced by a transformation in the base manifold or in the target space of the fields, but may be more general. Supersymmetry transformations, for example, also fit in this framework. The associated first order variation of L is defined as δL = dL ds
Applying the partial integration formula (2.2) to (2.6) with
where
and We note that a closely related quantity is called symplectic potential form in [2] . Formulas similar to (2.8), (2.9) and (2.10) can also be obtained for χ j by applying (2.2) to (2.7).
Let us consider now a specific transformation and assume that χ j are in a configuration that is invariant under this transformation, i.e. δχ j = 0. If in addition
holds with some K µ , then this transformation is called a symmetry transformation, and (2.8) implies that
and is called Noether current. In particular if Φ i satisfy their EL equations, then from (2.12) it follows that the current J µ Φ is conserved:
constitute the first theorem, extended to the situation when some of the elementary fields are fixed but their configuration is invariant under the symmetry that is considered. Usually δΦ i are local functions of Φ i , K µ is also required to be a local function of Φ i , and (2.11) is understood to be an identity for Φ i . In the rest of the paper these properties will be assumed.
Although (2.11) is required above to hold only for a specific configuration of χ j , in practice one often has an identity δL = ∂ µ K µ without any restriction on χ j and with K µ , δχ j , δΦ i that are local functions of both Φ i and χ j , and then this identity reduces to (2.11) if χ j is such that δχ j = 0.
It is clear that K µ is not uniquely determined in (2.11), therefore the application of the above theorem involves making a suitable choice. The simplest possibility, which is suitable for many cases, is K µ = 0 (see Section 3 for examples). The local conservation law ∂ µ J µ Φ = 0 can be rewritten in integral form by applying Stokes' theorem. Let U be a D-dimensional domain within U. By using Stokes' theorem one obtains
where ∂U is the boundary of U and n µ is the normal vector field of ∂U. n µ is normalized using the flat Euclidean metric δ µν determined by the coordinate system, i.e. δ µν n µ n ν = 1. By restricting this metric to ∂U one gets a Riemannian metric on ∂U, and the corresponding measure is the one that is used for the integration over ∂U. By choosing U to be a cylindrical domain U = [t 1 , t 2 ] × Ω, where Ω is a D − 1 dimensional domain, one obtains from (2.14) the charge conservation law
where ∂Ω is the boundary of Ω and n µ is the outward pointing normal vector of ∂Ω.
Φ | x 0 =t 2 are the charges in Ω at x 0 = t 1 and x 0 = t 2 , respectively, and
The index of x µ runs from 0 to D − 1.
The second theorem
Let us consider a transformation of the fields specified by δΦ i and δχ j of the form
where ǫ α is a function that can have several components indexed by α and may be commuting or anticommuting, and there are finitely many terms in the sums on the right hand sides. It is assumed that δΦ iα , δΦ 
and similar formulas can also be written for χ j . Using (2.18) and (2.19) one gets
Let us assume that the transformation specified by (2.16) and (2.17) is a symmetry for arbitrary ǫ α functions (and without any assumption on χ j ), i.e.
with some K µ . K µ is also assumed to be a homogeneous linear local function of ǫ α , i.e. 
If ǫ α and sufficiently many of its derivatives vanish on the boundary of an open domain Ω, then by applying Stokes' theorem we get 
These equations are known as Klein-Noether identities.
The third theorem
In this section we continue to consider Lagrangian systems with gauge symmetry. The current J µ introduced in (2.26) is the standard Noether current corresponding to the symmetry transformation (2.16), (2.17) in absence of any fixed field, thus it is conserved if both Φ i and χ j satisfy their EL equations. On the other hand, from (2.25) and (2.28) it follows that the current
is also conserved, regardless of the EL equations. Nevertheless, if Φ i and χ j satisfy their EL equations, then I µ = J µ . Thus, by adding B µ Φ + B µ χ to J µ we get a current which is conserved regardless of the EL equations, but which nevertheless coincides with J µ if the EL equations of all fields are satisfied. This is the first part of the third theorem.
The second part is the following: since I µ is a homogeneous linear local function of ǫ α and is conserved for arbitrary ǫ α , it can be written as
where Σ µν , which is called superpotential, is antisymmetric and is given by the formula
with the n-th group of terms on the right hand side being
The I µνλ... α appearing in these formulas are the coefficients in the expansion 
Conserved currents in gauge theories in the presence of fixed fields
In this section the generalization of the construction mentioned at the beginning of Section 1 is described. It is assumed that L has a gauge symmetry in the general sense described in Section 2.3. This means that L is assumed to have a gauge symmetry with respect to the complete set of fields, but with respect to the actual dynamical fields it does not necessarily have any gauge symmetry. If Φ i satisfy their EL equations, then B Φα = 0, as can be seen from (2.20), and thus from the generalized Bianchi identity (2.28) it follows that
without any assumption on χ j . This is the first part of the construction. We call (2.37) a partial Bianchi identity. Next, let us consider the situation in which δχ j = 0 for some particular ǫ α , i.e. the configuration of χ j is invariant with respect to a particular infinitesimal gauge transformation. In this case it follows from (2.19) that 
has gauge symmetry in itself, then the above construction can also be applied to L 2 . For example, in the standard case in general relativity one constructs √ −g T µν h ν from the matter Lagrangian rather than from the total Lagrangian, and the same will be done in the examples in Sections 3 and 4 as well.
If L 1 has a gauge symmetry in itself and χ j satisfy their EL equations as a consequence of the EL equations of χ j , and the resulting expression is just −1 times the one that appears in (2.37), thus indeed (2.37) is obtained. In this argument it is not necessary to use any symmetry property of L 2 and Φ i do not have to satisfy their EL equations. The example in Section 3 shows that the observations that the Einstein equation implies the divergencelessness of the energy-momentum tensor and the Maxwell equation implies the conservation of the electric current are special cases of the result described in this paragraph.
We note that the second part of the construction is not used in the derivation of (2.40), and (2.40) also implies the conservation of B µ χ . On the other hand, it is the derivation given in the second part that is the generalization of the usual derivation of the conservation of √ −g T µν h ν in general relativity. The results in Section 2 of [9] are similar to (2.40), but they are less explicit and are restricted to the special case when the particular infinitesimal gauge transformation under which χ j are invariant is rigid, i.e. is such that ǫ α is a constant function. In principle, it is not a severe restriction to consider only rigid transformations, since a non-rigid gauge transformation can be transformed into a rigid one by suitable reparametrisation. For example, let us choose n different functions ǫ since it corresponds to ξ 1 = 1, ξ k = 0, k = 2, . . . , n. Nevertheless, one can deal with non-rigid transformations directly, as we have seen in this section.
3 Matter fields in the presence of fixed gravitational and Yang-Mills gauge fields
In this section the case of matter fields in the presence of gravitational and YM gauge fields is discussed. Since fermionic fields are also considered, the basic gravitational field variable is taken to be an orthonormal tetrad field Vμ µ . The metric can be expressed in terms of Vμ µ as g µν = Vμ µ Vν ν gμν, where gμν = diag(1, −1, −1, −1). Here and in the following an overbar is used to distinguish internal Lorentz vector indices. Such indices can be raised and lowered by gμν and its inverse and Vμ µ and its inverse can be used to turn spacetime vector indices into internal Lorentz vector indices and vice versa. For a detailed introduction to the tetrad formalism and its use for including half integer spin fields in general relativity, see e.g. [56] . A different formalism is described e.g. in [45] . The Lie algebra of the global YM gauge group is taken to be a direct sum of compact simple and u(1) algebras. It would be straightforward to consider several YM gauge groups with distinct coupling constants, but for simplicity only one is taken. The structure constants of the Lie algebra of the global YM gauge group are denoted by f c ab . The basis of the Lie algebra is chosen so that δ ab is invariant under the adjoint action, therefore there is no significant difference between upper and lower Lie algebra indices. Nevertheless, upper and lower indices will be distinguished and δ ab will be used to raise and lower them. f abc is completely antisymmetric and real. The YM field strength is defined as The Lagrangian density function L of the matter fields is assumed to be an even real local function of the tetrad field, the YM vector potential and the matter fields, and it is assumed to have diffeomorphism, local Lorentz and YM gauge symmetry in the sense described in Section 2.3. The precise form of L and of the Lagrangian of the gravitational and YM gauge fields does not need to be specified. For fermionic fields Lorentz transformations mean SL(2, C) transformations.
The application of the first two parts of the construction described in Section 2.5 is discussed in Section 3.1, and the third part is discussed in Section 3.2. The matter fields will take the role of Φ i , whereas the tetrad and YM gauge fields together will take the role of χ j . As was mentioned in Section 2.5, the construction will be applied to the matter Lagrangian described above, rather than to the total Lagrangian. The total gauge symmetry group that will be considered is the group generated by the symmetries mentioned above.
Bianchi currents and partial Bianchi identities
For the application of the first two parts of the construction described in Section 2.5 it is necessary to know the transformation properties of the tetrad and of the YM gauge fields. The K µ quantities in the symmetry condition (2.23) and the transformation properties of the matter fields are not needed.
About the Bianchi currents the following general preliminary remarks can be made: since the first order variations of each field that we consider depend only on ǫ α and ∂ µ ǫ α and not on higher derivatives, the corresponding Bianchi currents do not depend on the derivatives of ǫ α at all. Specifically, the first term on the right hand side of (2.21) gives the Bianchi currents. Furthermore, if the first order variation of a field does not depend on ∂ µ ǫ α , then the corresponding Bianchi current is zero. The first order variation of the tetrad and the YM vector potential under a YM gauge transformation parametrized by ǫ a , which takes the role of ǫ α and has values in the coadjoint representation of the global gauge group, is
D µ denotes the covariant differential operator for the whole gauge group-for more detail on its definition see Appendix A. In (3.2)
In the case of local Lorentz transformations the role of ǫ α is taken by ωμν, which is antisymmetric. The first order variation of the tetrad and the YM vector potential is
The (Lλρ)μ ν = gλνδμ ρ − gρνδμ λ appearing in (3.3) are the generators of the Lorentz group in the Minkowski representation. In the case of diffeomorphisms the role of ǫ α is taken by the vector fields h µ , which generate diffeomorphisms. The first order variation of the tetrad and the YM vector potential is
Here and in subsequent formulas ∇ µ denotes the usual Levi-Civita covariant differential operator associated with the metric g µν . ∇ µ acts only on the spacetime vector and covector indices. (3.5) and (3.6) can also be written as
. Using these transformation properties one finds that in the case of the YM gauge symmetry the partial Bianchi identity (2.37) takes the form
where J µ a is defined as √ −gJ and g denotes the determinant of the metric. B V a is obviously 0 in this case. We note that (3.7) was also obtained e.g. in [10] . As is well known, (3.7) also follows from the YM equation, if the YM field is not fixed. The Bianchi currents B µ A and B µ V , corresponding to the YM gauge field and to the tetrad, are found to be 
, and this is zero if D µ ǫ a = 0. This derivation is a specialization of the general derivation of (2.39) in Section 2.5. For flat spacetime and in slightly different context it can also be found in [43] .
In the case of the local Lorentz symmetry the partial Bianchi identity (2.37) takes the form
where Tλρ is the antisymmetric part in the decomposition For the diffeomorphism symmetry the Bianchi expressions B V µ and B Aµ are
The partial Bianchi identity (2.37) is B V µ + B Aµ = 0, which can nevertheless be simplified to the form
by using (3.7) and (3.11). T νµ , defined in (3.12), is the Einstein-Hilbert energy-momentum tensor.
The Bianchi currents B 
by using (3.11). B µ is conserved if the matter fields satisfy their EL equations, h µ is a Killing vector field and A a µ is also invariant under the diffeomorphisms generated by h µ . It should be noted that the invariance of the tetrad field is not necessary for the conservation of B µ , the invariance of the metric (and of the vector potential) is sufficient. The reason for this is explained in the paragraph below (3.19) .
The conservation of B µ can again be seen as a consequence of (3.15) and of the symmetry properties of the metric and the vector potential. (3.7) is also needed, because it was also used to bring B µ to the form (3.15). The first step of the derivation is to take the divergence of B µ : 
More generally, it is interesting to consider the situation when h µ is a Killing vector field but the vector potential is invariant under the generated diffeomorphisms only up to a YM gauge transformation (see e.g. [44] regarding such invariance conditions). This means that there exists a gauge transformation parameter ǫ a so that the vector potential is invariant under the joint infinitesimal diffeomorphism and YM gauge transformation corresponding to (h µ , ǫ a ):
The corresponding Bianchi current
is the combination of (3.10) and (3.17) . The conservation of (3.19) can be derived in a similar way, using (3.18), as the conservation of (3.10) and (3.17) . In this derivation the equivalent form δA .18) is useful. In principle, the cases when the tetrad field is invariant under the diffeomorphisms generated by h µ and when it is invariant only up to local Lorentz transformations are also different, but since the Bianchi current corresponding to local Lorentz transformations is zero, the Bianchi currents (3.17) or (3.19) are the same in both cases. This is not true for the Noether currents; see Sections 3.2.3 and 3.2.5.
In the case when the YM gauge field is the electromagnetic field the Bianchi current (3.17) is precisely the current (1.1) proposed in [6] , and the partial Bianchi identity (3.15) is the Lorentz law (1.2). It should be noted that in the (charged black hole) configurations considered in [6] the background electromagnetic field satisfies the Maxwell equation ∇ µ F µν = 0, and this property was used in [6] in the derivation of the Lorentz law, but in the present derivation this is not needed.
Making a small digression, we mention that if the YM symmetry of the Lagrangian is not required and A a µ are merely some fixed covector fields, then D ν J ν a = 0 does not necessarily hold, and from (3.13), (3.14) and (3.11) one obtains the partial Bianchi identity 20) where D µ and F a νµ are defined in the same way as in abelian gauge theory. This is the identity that appears e.g. in [7, 8] . The formula (3.17) for the Bianchi current for a diffeomorphism symmetry of the metric and A a µ remains unchanged.
Noether currents and superpotentials
In this section we discuss the Noether currents and the superpotentials for the diffeomorphism, local Lorentz and YM gauge symmetries, concentrating on the third part of the construction in Section 2.5.
For simplicity we assume that the Lagrangian density of the matter fields takes the form
where ψρ ν αk is a complex matter field andψρ αǩ ν is its (generalized) Dirac conjugate. We take only one matter field, but it is completely straightforward to include more of them. The above form of L implies that the matter field is coupled minimally to the gravitational and YM fields, and that L does not depend on higher than first derivatives of the matter field. Matter fields can be real as well, in this case the Dirac conjugate field is not needed. ψρ ν αk has n covector indices and m vector indices, denoted collectively asν andρ, i.e.
Under the global YM gauge group ψρ ν αk transforms according to a not necessarily irreducible finite dimensional unitary representation R; the corresponding index is denoted by k. The basis in this representation is chosen to be orthogonal and normalized to 1. The generators of the global YM Lie algebra in the representation R are denoted, after they are multiplied by i, by (t a ) the purpose of the present paper it is not necessary to specify ǫ αβ explicitly for the other representations. In general it would be necessary to insert into (3.22) a matrix similar to ǫ αβ for the YM indices as well, but with the special choice of basis in R mentioned above this matrix is the unit matrix.
The restrictions on the possible indices of the matter field above are done in order to avoid writing large formulas. Nevertheless, it is straightforward to extend the various formulas to the cases when ψ transforms under Lorentz transformations according to a nonreal representation (e.g. according to the Weyl spinor representations), or when ψ has several indices corresponding to Lorentz transformations.
We also assume for simplicity thatL is invariant under YM gauge transformations and local Lorentz transformations and transforms as a scalar function under diffeomorphisms. In this case the simplest and most natural choice for K µ in the symmetry condition (2.23) is K µ = 0 for YM gauge transformations and local Lorentz transformations and
It should be noted that in the literature the matter fields are often regarded as sections of suitable vector bundles over M. In a coordinate based formalism it is usually assumed that a trivialization is fixed for these vector bundles over the coordinate patch U that is under consideration.
It is useful to introduce the following notation: is −1 times the Dirac conjugate ofẼνρ αk if ψρ ν αk is anticommuting.
The Euler-Lagrange currents
As a preliminary step one determines the currents j 
and Q µνλ i in (3.31) and (3.32) come from the variation of the connection.
With the above formulas at hand one can proceed to determining the Noether currents and the superpotentials for the various gauge symmetries. For this it is also necessary to know the variation of the matter field under the gauge transformations. The Noether currents J µ are obtained as 
Yang-Mills gauge symmetry
The first order variation of the matter field under a YM gauge transformation parametrized by ǫ a is
One finds that for YM gauge transformations the Noether current is 35) which is obtained by specializing δψ k in (3.29) according to (3.34) . Since 
Diffeomorphism symmetry
The first order variation of the matter field under a diffeomorphism generated by h µ is the Lie derivative
It is straightforward to obtain explicit expressions for J µ and J µ ψ , but we do not write them out here, since they are not enlightening. The Bianchi currents are (3.16) and It is interesting to note that if the matter field is scalar with respect to diffeomorphisms and local Lorentz transformations, then B 
Mixed symmetries
A general infinitesimal gauge transformation is a combination of the special transformations discussed in the previous subsections and is characterized by a triple (h µ , ωμν, ǫ a ). For such transformations δVμ µ , δA a µ and δψρ ν αk , the Bianchi currents, the Noether currents, I
µ and Σ µν are just the sums of the relevant expressions for the special transformations. A common case when combined transformations are important is when a spacetime has complete rotation symmetry (SO (3)). Since it is not possible to choose a tetrad that is invariant under the entire rotation group (understood as a subgroup of the group of diffeomorphisms), some of the rotation symmetry transformations of the tetrad necessarily involve local Lorentz transformations, and this has to be taken into account when one calculates Noether currents.
The Dirac field
An important example of a matter Lagrangian is the Dirac Lagrangian 
can also be written as
It is not difficult to see that Q (νλ)µ = 0, thus
in the case of the Dirac field. This result for I µ was also found in [14] in the special case of the electromagnetic field as YM gauge field. In [14] the approach to treating spinor fields was different from the one applied in this paper.
For a diffeomorphism symmetry under which the tetrad and the vector potential are invariant the canonical Noether current J µ ψ is found to be − √ −g
For the Einstein-Hilbert energy-momentum tensor one finds the expression
, and J µ a = −κψγ µ t a ψ. In [12] it was found in an ad hoc manner that subtracting √ −g ∇ ν (Q λµν h λ ) from the canonical Noether current −J µ ψ gives (1.1), if the Dirac equation is satisfied. Here we have been able to derive this within a general formalism. (Note that in [12] the YM gauge field was the electromagnetic field and a factor −1 was included in the definition of the Noether currents.) 4 Matter fields in the presence of fixed gravitational and scalar fields
In this example we discuss only the partial Bianchi identity and the Bianchi current. The matter Lagrangian is again assumed to have the standard form L = √ −gL, andL is assumed to be a local function of the tetrad, the real scalar field φ, and the other fields.L is also assumed to be invariant under local Lorentz transformations and to transform as a scalar function under diffeomorphisms. The total gauge symmetry group in this example is thus the group generated by diffeomorphisms and local Lorentz transformations. The nature of the matter fields does not need to be specified. The first order variation of φ under a diffeomorphism is δφ = −h µ ∂ µ φ. Using this property one obtains B φµ = − √ −gJ φ ∂ µ φ for for the Bianchi expression B φµ , with
. B V µ is given by (3.13). Taking into consideration Tμν = 0 (see (3.11) ), the partial Bianchi identity B V µ + B φµ = 0 is thus
The Bianchi current B µ φ is obviously zero, therefore the Bianchi current B µ χ is √ −g T µ ν h ν , i.e. it takes the same form as in the absence of the fixed scalar field. B µ χ is conserved if h µ is a Killing field, the first order variation of φ with respect to the diffeomorphisms generated by h µ is also zero, and the matter fields satisfy their EL equations. The conservation of B µ χ can be derived from (4.1) and from the symmetry properties of the metric and the scalar field:
and here on the right hand side the second term is zero in virtue of the Killing equation, whereas the first term can be rewritten as
It is interesting to note that if only the scalar field is fixed, then the partial Bianchi identity becomes B µ = √ −g(−J φ ∂ µ φ) = 0 (and now J φ is obtained from the total Lagrangian), as is also found in [29] . This identity has the remarkable consequence that either φ is constant or it also satisfies its EL equation.
Conclusion
In this paper we extended the standard construction of conserved currents associated with spacetime symmetries for matter fields propagating in fixed curved spacetime to general gauge theories, without any restriction on the order of the derivatives of the fields that may appear in the Lagrangian. In particular we showed that if in a Lagrangian field theory that has gauge symmetry in the general Noetherian sense some of the elementary fields are fixed and are invariant under an infinitesimal gauge transformation, then there exists a current, which we called Bianchi current, that is analogous to the current √ −g T µ ν h ν used in general relativity and is conserved if the non-fixed fields satisfy their EulerLagrange equations. The conservation of this current can be seen as a consequence of the symmetry of the fixed fields and of an identity, which we called partial Bianchi identity, that is analogous to ∇ µ T µν = 0 and follows from the gauge symmetry of the Lagrangian. We also showed that the Noether current associated with the symmetry of the fixed fields obtained by applying Noether's first theorem differs from the Bianchi current by the sum of an identically conserved current and a term that vanishes if the non-fixed fields satisfy their Euler-Lagrange equations. We gave explicit formulas for the Bianchi current and for the other quantities appearing in these results, so they can be calculated in any particular model. If the total Lagrangian can be split in the same way as in general relativity to a 'matter' and a 'gravitational' part, so that the latter depends only on the fixed fields, then the construction can be applied to the 'matter' part separately, as is done in general relativity in the standard case.
As example we discussed first the case of general matter fields propagating in backgrounds consisting of a gravitational and a Yang-Mills field. We found (3.17) as the generalization of the current √ −g T µ ν h ν . The extension of (3.17) to the case when the Yang-Mills part of the background, i.e. the vector potential, is invariant under the diffeomorphisms generated by h µ only up to (Yang-Mills) gauge transformations is (3.19). As the generalization of the property ∇ µ T µν = 0 we found the Lorentz law (3.15) . This means that the Lorentz law is found to hold in arbitrary gravitational and Yang-Mills background, if the matter fields satisfy their Euler-Lagrange equations and the matter Lagrangian has diffeomorphism, local Lorentz and Yang-Mills gauge symmetry. For local Lorentz transformations and Yang-Mills gauge transformations we found the partial Bianchi identities (3.11) and (3.7). The Bianchi current for a Yang-Mills gauge symmetry of the fixed fields is (3.10). Under not very restrictive assumptions on the type of the matter fields and on the form of the matter Lagrangian we investigated the difference between the Bianchi currents and the Noether currents. In the case of Yang-Mills gauge symmetries these currents coincide even if the dynamical fields do not satisfy their EulerLagrange equations. In the case of diffeomorphism symmetries the Bianchi currents are generally not identical with the Noether currents, except if the matter fields are scalar fields, as the known results for zero fixed Yang-Mills field also indicate. We obtained the formulas (3.39) and (3.40) for the characterization of the difference between the Bianchi and Noether currents. In the case of the Dirac field (3.40) reduces to (3.43) .
If the requirement of the Yang-Mills symmetry of the Lagrangian is omitted but fixed covector fields are nevertheless present, then the generalization of ∇ µ T µν = 0 becomes (3.20) instead of (3.15), whereas the Bianchi current for a diffeomorphism symmetry has the unchanged form (3.17) .
The second example was the case of fields propagating in backgrounds consisting of a gravitational and a real scalar field. As the generalization of ∇ µ T µν = 0 we found (4.1), whereas the Bianchi current turned out to have the same form, √ −g T µ ν h ν , as in the absence of the fixed scalar field.
The construction presented in this paper can be applied in a very wide variety of models, for example in metric-affine gravitation theory or in other extended models of gravitation coupled with Yang-Mills type gauge fields and matter fields. It would be interesting to see if the Bianchi currents that can be constructed in these models can be used to obtain results similar to those in [6] . p-form field theory and other higher spin gauge theories are further examples that could be investigated.
Although in the examples that we discussed one of the fixed fields was the gravitational field, one can also apply the construction in cases when the gravitational field is not among the fixed fields. Examples of partial Bianchi identities for such cases have already been given in [29] .
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A Auxiliary formulas and remarks
In Section 3 the complete gauge group is the group generated by the diffeomorphisms, the local Lorentz transformations and the YM gauge transformations. The covariant derivative of the matter field ψρ ν αk -introduced at the beginning of Section 3.2-for this gauge group is given by the formula More details concerning the second term can be found e.g. in [56] . One also applies D µ as an operator to other fields that have the same types of indices as the matter field, even if they transform somewhat differently, as the vector potential A a µ , for example. The local Lorentz transformations and the YM gauge transformations form two normal subgroups in the complete gauge group, but the group of diffeomorphisms is not a normal subgroup either with respect to YM gauge transformations or with respect to local Lorentz transformations. In accordance with this situation the Lie derivatives of those fields that are not scalar with respect to local Lorentz transformations or YM gauge transformations generally transform in a noncovariant manner under these transformations.
Since the subgroup of diffeomorphisms is not a normal subgroup in the complete gauge group, from purely group theoretical point of view the complete gauge group does not have a unique diffeomorphism subgroup, rather it has many diffeomorphism subgroups conjugate to one another. Nevertheless, in a coordinate based formalism a definite diffeomorphism subgroup becomes distinguished implicitly, which can be called the subgroup of diffeomorphisms.
